Abstract. We introduce the most general to date version of the permutation-equivariant quantum K-theory, and express its total descendant potential in terms of cohomological Gromov-Witten invariants. This is the higher-genus analogue of adelic characterization [7] , and is based on the application of the Kawasaki-RiemannRoch formula [9] to moduli spaces of stable maps.
Introduction
Cohomological Gromov-Witten invariants of a compact Kähler manifold X are defined as various intersection numbers in moduli spaces of stable maps, denoted here X g,n,d with g, n, d standing for the genus, number of marked points, and degree of the maps. The Ktheoretic counterpart of GW-theory studies holomorphic Euler characteristics of appropriate vector bundles over the moduli spaces. The action of permutations of the marked points on the sheaf cohomology of such bundles leads to the refined version of the theory, which we call permutation-equivariant. In genus 0, a complete description of Ktheoretic GW-invariants in terms of cohomological ones was obtained in [7] , and then applied to the permutation-equivariant theory in the previous papers of the present series (see Part III or Part VII).
Conceptually the cohomological description of K-theoretic invariants is based on Kawasaki's version of Hirzebruch-Riemann-Roch formula [9] (or more precisely, its virtual variant [13] ) applied on the moduli spaces X g,n,d . An early version of this approach to the higher genus problem is used in the preprint [15] by V. Tonita. I am thankful to him for numerous discussions and corrections.
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As it was found in [7] , in genus 0 the solution can be described in the form of adelic characterization. Roughly speaking, genus-0 K-theoretic GW-invariants of X are encoded by a certain Lagrangian cone in a symplectic space whose elements are rational functions in one complex variable, q, with vector values in K 0 pXq. The adelic characterization says that a rational function lies in the cone if and only if the Laurent series expansion of it at each root of unity q " ζ passes a certain test. Namely, the expansion (as an element in the symplectic space of Laurent series with coefficients in K 0 pXq) should represent certain cohomological GW-invariants of the orbifold target space X{Z M , where M is the order of ζ as a root of unity. This paper establishes the higher genus version of adelic characterization. It involves quantization of the aforementioned symplectic formalism. In this Introduction, we don't give a complete formulation of the ultimate theorem (because it requires so many poorly motivated ingredients and notations, that the resulting formula, we fear, would become incomprehensible), but merely outline the quantum-mechanical structure of the adelic formula relating K-theoretic GW-invariants with cohomological ones.
A thorough definition of the permutation-equivariant GW-invariants and of the appropriate generating functions will be given in Section 1. In Section 2, we sketch the geometric machinery which shows, in principle, how to reduce the computation of K-theoretic to cohomological GW-invariants. In Sections 3 and 4, we describe the language of symplectic loop spaces and their Fock spaces where various generating functions for GW-invariants live. Using this language, we will accurately build the ingredients of the ultimate formula starting from cohomological GW-invariants. The remaining details of the proof will be provided in Sections 5-9.
By definition, permutation-equivariant K-theoretic GW-invariants take values in a ground coefficient ring, Λ, which is a λ-algebra, i.e. is equipped with the action of Adams operations Ψ r : Λ Ñ Λ, r " 1, 2, 3, . . . , which are ring homomorphisms from Λ to itself, and satisfy Ψ 1 " id, Ψ r Ψ s " Ψ rs . The total descendant potential D X for permutation-equivariant GWinvariants of X is defined (in Section 1) as a Λ-valued function of a sequence t " pt 1 , t 2 , . . . , t r , . . . q of Laurent polynomials 1 in q with vector coefficients in K 0 pXqbΛ. It also depends on the "Planck constant"
1 Foreshadowing the definition let us mention here that t r will be used as the input in the correlators of permutation-equivariant quantum K-theory at those marked points which belong to cycles of length r in the cycle structure of the permutation.
, and can be interpreted as an element of the Fock space associated with a certain symplectic space pK 8 , Ω 8 q. Namely, put K :" K 0 pXq b Λ, and consider the space K or rational K-valued functions of q which are allowed to have poles only at q " 0, 8, or at roots of unity. Equip K with the Λ-valued symplectic form Ωpf, gq :"´rRes q"0`R es q"8 s pfpq´1q, gpd, where pa, bq :" χpX; a b bq is the K-theoretic Poincaré pairing on K, and with the Lagrangian polarization K " K`' K´, where K`:" Krq, q´1s, K´:" tf P K | fp8q " 0, fp0q ‰ 8u .
By definition, K 8 consists of sequences f " pf 1 , f 2 , . . . , f r , . . . q of elements of K. It is equipped with the symplectic form Ω 8 pf, gq :"
Ωpf r , g r q,
and Lagrangian polarization K 8 " tf " pf 1 , f 2 , . . . q | @r, f r P K˘u. The total descendant potential D X , which is naturally a function of t " pt 1 , t 2 , . . . q P K 8 (depending on the parameter ), is considered as a function on K 8 constant in the direction of K 8 , and in this capacity is interpreted as a "quantum state", xD X y, an element of the Fock space associated with pK 8 , Ω 8 q. On the cohomological side, for each M " 1, 2, 3, . . . , let Z M " Z{MZ denote the cyclic group of order M, and C M´1 " CrZ M s{C be the quotient of the regular representation of Z M by the trivial one. Over the global quotient orbifold X{Z M (where the action of Z M is trivial), introduce the orbibundle T X bC M´1 , and denote by E M its total (orbi)space. What we need is a certain twisted cohomological GW-theory of X{Z M , which can be interpreted as the fake quantum K-theory 2 Thus, the adelic tensor product
can be considered as an element xD X y in the Fock space associated with the adelic symplectic space. We define the adelic map :
where the last expression is to be expanded into a Laurent series near q " 1 after applying Adams' operations Ψ r , acting naturally on K " K 0 pXq b Λ, and by Ψ r pqq " q r on functions of q. The residue theorem implies that the adelic map is symplectic:
Res q"ζ pf r pq´1q, g r pdOur "higher genus quantum RR formula" can be stated this way.
Main Theorem. The adelic map : pK 8 , Ω 8 q Ñ pK 8 , Ω 8 q between the symplectic loop spaces transforms the adelic quantum state xD X y into the total descendant potential xD X y of permutation-equivariant quantum K-theory of the target Kähler manifold X.
How does a map between symplectic spaces map respective Fock spaces? Elements of the Fock space are functions on the symplectic space constant in the direction of the negative space of a chosen Lagrangian polarization. A map between symplectic spaces respecting the negative spaces of the chosen polarizations induces a map between the quotients, and hence maps the Fock spaces naturally (in the reverse direction). When the given polarizations disagree, one needs first to change one of them to identify the models of the Fock space based on different polarizations by the construction of Stone-von Neumann's theorem, and only after that apply the natural pull-back.
In the situation of our theorem, the polarizations disagree, and the precursory change of polarization in the adelic space is one of the key ingredients of the relation between D X and D X as generating functions.
The space K 8 consists of sequences f " pf 1 , f 2 , . . . , f r , . . . q of vectorvalues rational functions of q with poles at roots of unity ζ, but vanishing at q " 8 and having no pole at q " 0. Such rational functions uniquely decompose into the sums of their partial fractions, f r " ř ζ f pζq r , i.e. reduced rational functions of q with only one pole q " ζ. In fact the negative space of polarization K 8 in the adelic space (we've neglected to describe it so far, but it is involved in the interpretation of the infinite product D X as an element of the Fock space) is exactly the direct sum of subspaces tΨ r pf pζq r pq 1{mpζq {ζqqu Ă K pζq r " Kppq´1qq obtained from such partial fractions.
By the way, we encounter here an interesting phenomenon impossible in finite-dimensional symplectic geometry. The adelic map : has its pole. Consequently, the relation between the quantum states xD X y and xD X y described in the theorem actually means that the total descendant potential D X is obtained from the infinite product D X as
Here ∇ η,ζ are certain 2nd order differential operators whose coefficients are tautologically determined by expansions of partial fractions with poles at roots of unity ζ into power series near all other roots of unity, while the embedding : K 8 Ñ K 8 maps sequences t " pt 1 , t 2 , . . . , t r . . . q of Laurent polynomial t r P Krq, q´1s into the collection of power series expansions Ψ r pt r pq 1{mpζq {ζqq of the Laurent polynomials at the roots of unity.
The above description of our main formula is neither complete not totally accurate, and should be supplemented with further clarifications.
1. The quantum state xD X y differs from the total descendant potential D X (though both are functions on
by the translation of the origin called the dilaton shift: xD X ypv`tq " D X ptq, where v " pp1´qq1, p1´qq1, . . . q, and 1 stands for the unit element in K 0 pXq.
ptq. Here 1 belongs to the unit sector, i.e. among the components t pζq P Krrq´1ss labeled by the Mth roots of unity ζ only the component with ζ " 1 is dilaton-shifted.
2. In the generating functions for GW-invariants, one weighs contributions of degree-d stable maps by the binomials Q d in Novikov's variables Q " pQ 1 , . . . , Q r q, where r " rk H 2 pX, Zq. Novikov's variables are adjoined to the ground λ-ring Λ so that Ψ r Q d :" Q rd . Furthermore, the expression "rational functions" ("Laurent series," "power series", etc.) of q should be understood as formal Q-series whose coefficients are rational functions (formal Laurent series, power series etc.) of q, and the notations like Krq, q´1s, Kppq´1qq, etc. have to be understood in the sense of such a Q-adic completion.
3. To avoid some divergences, we require that Λ is a local algebra with the maximal ideal Λ`, that Adams' operations respect the filtration by its powers: Ψ r Λ`Ă Λ r , and assume that the components of the variables in generating functions lie in Λ`. In particular, the quantum states xD X y, xD X y, etc. are functions on K 8 , K 8 , etc. defined in a Λ`-neighborhood of the dilaton shift.
4. A peculiar phenomenon overlooked in the previous discussion is that the symplectic structure Ω 8 , the adelic map, and other ingredient of our formalism are not Λ-linear in the usual sense. For instance, for ν P Λ and f " pf 1 , f 2 , . . . , f r , . . . q P K 8 , the adelic image νf " pνf 1 , Ψ 2 pνqf 2 , . . . , Ψ r pνqf r , . . . q, i.e. the map between the rth components is linear relative to the scalar transformation Ψ r .
3
5. The previous feature manifests in the quantization formalism as well. Namely the Planck constant, which needs to be adjoint to the ground ring Λ, is acted upon by Adams' operations as Ψ r :" r . Respectively, r plays the role of the Planck constant in the quantization formalism on the rth component of the adelic space K 8 . This is manifest in our formula ř r r r Ψ r ř ∇ η,ζ for the propagator, where ∇ η,ζ are 2nd order differential operators.
6. This brings up the question about the status of the Planck constant in the adelic product b 
By the rules of quantum mechanics, scalar factors don't affect "quantum states." The accurate definition of the infinite tensor product in our main theorem is
Note the change of Q into Q M in the Mth factor. 7. Our final remark here is about equivariant generalizations of the theorem. In applications of GW-theory, the target space is often equipped with an action of a torus T , and all holomorphic Euler characteristics are replaced with the characters of the T -action on the sheaf cohomology. In particular, Lefschetz' fixed point localization technique, when combined with the formalism of symplectic loop spaces, leads to dealing with fractions of the form 1{p1´q m τ q, where τ is a coordinate on T , and the poles in q are at roots of 1{τ rather than roots of unity. Nevertheless our theory carries over verbatim to the equivariant case. Namely, the homotopy theory construction of equivariant K-theory yields K 0 T pptq " K 0 pBT q which is not the character ring of T , but its completion into functions on T defined in the formal neighborhood of the identity. Our ground λ-algebra Λ should be changed into Λ b K 0 T pptq. To make sense, the above fractions must be expanded into series in τ´1 with coefficients in rational fractions of q having poles at roots of unity only:
Thus, in the homotopy theory interpretation of T -equivariant K-theory, localization to fixed points of T makes no sense, but our "quantum RR formula" holds unchanged for T -equivariant GW-invariants, which take values in Λ b K 0 T pptq.
Redefining the invariants
Let us recall and generalize the definition of permutation-equivariant K-theoretic GW-invariants given in Part I, and of the mixed genus-g potential given in Part VII.
Let X be a compact Kähler manifold, K :" K 0 pXq b Λ, where Λ is a local λ-algebra that contains Novikov's ring as it was explained in Introduction.
Let X g,n,d be the moduli space of degree-d stable maps to X of complex curved of arithmetic genus g with n marked points, and let h P S n be a permutation, acting on the moduli space by renumbering the marked points. Let V be a holomorphic vector bundle over X g,n,d equivariant with respect to the action of the permutation h. Then the sheaf cohomology π˚pV q :"
is the (S n -invariant) virtual structure sheaf introduced by Y.-P. Lee [11] , inherits the action of h. Therefore the supertrace str h π˚pV q is defined.
Denote l k " l k phq the number of cycles of length k in the cycle structure of h, and by l " pl 1 , l 2 , l 3 , . . . q the corresponding partition of n " ř rl r . Our current goal is to define correlators
where the inputs u i , v j , w k , . . . are elements of K 0 pXqbΛrq, q´1s. Note that groups of the seats in the correlator have lengths l 1 , l 2 etc., and the total number ř l r of the seats is equal to the number of non-empty cycles.
Let σ 1 , . . . , σ r be indices of the marked points cyclically permuted by h, and let out of all the l r cycles of length r, this be the kth cycle. We take the h-equivariant bundle W k on X g,n,d determined by the input
where ev σα : X g,n,d Ñ X is the evaluation map, and L σα is the universal cotangent line bundle at the marked point with the index σ α . This way, for each cycle of length 1, 2, etc. we associate the inputs u i , v j , etc. and define respectively the bundles U i , V j , etc. We define the above correlator as
The factor in front of the supertrace is motivated by the number n!{ ś r r lr l r ! of permutations with the cycle structure described by the partition l.
Note that the correlator is poly-additive with respect to each input. Namely, if w k " w
The sheaf cohomology splits into 2 r summands accordingly, but the summands with I ‰ H or t1, . . . , nu are permuted by h non-trivially, and hence don't contribute to str h . Therefore
We extend the correlator to inputs from K`:" K 0 pXq b Λrq, q´1s in the way linear relative to Ψ r on each input corresponding to the cycles of length r, i.e.
This is motivated by the fact that if Λ " K 0 pY q, then for a vector bundle ν on Y , the trace bundle of the cyclic permutation of the factors in ν br coincides with Ψ r pνq. Now, we define the genus-g potential of permutation-equivariant quantum K-theory of X as the sum over degrees and partitions l of all n " 0, 1, 2, . . . :
Here " pt 1 , t 2 , . . . , t r , . . . q, each t r P K`, and all the inputs in the correlator corresponding to the cycles of length r are taken to be the same and equal t r .
Remark. The correlators xu, . . . , uy Sn g,n,d defined in Part I by taking averages over S n can be expressed in terms of the above correlators via re-summation over the conjugacy classes labeled by partitions l of n:
Respectively the mixed genus-g potential of Part VII ÿ
coincides with the specialization of F g to the inputs t 1 " x`t, t 2 " t, t 3 " t, . . . .
While moduli spaces X g,n,d parameterize stable maps of connected curves, the total descendant potential is to account for contributions of possibly disconnected curves, as well as for symmetries of such curves caused by permutations of identical connected components.
Abstractly speaking, if ν P Λ represents the contribution of "connected" objects, then the sum over n of contributions of objects with n components is given by ÿ
This motivates the following definition of the total descendant potential of the permutation-equivariant quantum K-theory on X:
where
In order to explain the rescaling R k of the indices in the variables t r , note that automorphisms of Ů ś k α"1 X gα,nα,dα induced by cyclic permutations of k connected components of a disconnected curve accompanied by a renumbering h of marked points, generate traceless operators on the sheaf cohomology unless g α , n α , d α don't depend on α, and h k renumbers the marked points of all components separately in consistent ways. In this case, we have an automorphism of X k g,n,d whose kth power is the automorphism of each factor X g,n,d induced by the renumbering h k . If the orbit of one of the marked points under the renumbering h k has order r, then the orbit under the renumbering h has order rk. Therefore the input corresponding to this cycle of marked points must be t rk .
Finally, the factor kpg´1q , whose exponent is´1{2 times the Euler characteristic of k copies of a genus-g Riemann surface, can be interpreted as Ψ k p g´1 q by adjoining to Λ and setting Ψ k p q " k .
Note that all F g can be recovered from G :" log D X by Möbius' exclusion-inclusion formula ÿ
Kawasaki's Riemann-Roch formula
The expression of K-theoretic GW-invariants in terms of cohomological ones is based on the use of the virtual variant [13] of Kawasaki's Riemann-Roch formula [9] .
Let M be a compact complex orbifold, and V be a holomorphic orbibundle on M. The holomorphic Euler characteristic of V , defined in terms ofČech cohomology as χpM; V q :" ř i p´1q i dim H i pM; V q, is expressed by Kawasaki's RR formula in cohomological terms of the inertia orbifold IM:
Recall that a point in IM is represented by a pair px, hq where x P M, and h P Γpxq is an element of the inertia group of x P M (i.e. the group of local symmetries of x in the orbifold structure). In the formula, NI M denotes the conormal bundle to the stratum of fixed points of the symmetry h. The bundle V can be restricted to the stratum and decomposed into eigenbundles V λ of h corresponding to the eigenvalues λ. The trace operation tr h V denotes the virtual bundle ř λ λV λ , and the supertrace str h in the denominator denotes the similar operation on the Z 2 -graded bundle^‚NI M . Finally, the notation χ f ake stands for the fake holomorphic Euler characteristic of an orbibundle over an orbifold:
where chpW q is the Chern character of the orbibundle W , and tdpT M q is the Todd class of tangent orbibundle T M (both defined over Q).
In effect, the RHS of Kawasaki's RR formula is the sum of certain fake holomorphic Euler characteristics, i.e. of certain integrals over the strata of the inertia orbifold, which are rational numbers adding up to the integer defined by the LHS.
It is no accident that Kawasaki's RR formula resembles Lefschetz' holomorphic fixed point formula. To make the connection, let h be an automorphism of a holomorphic bundle V over a compact complex manifold Ă M. For our goals it suffices to assume that h belongs to a finite group G of such automorphisms (although abstractly speaking this restriction can be relaxed). Lefschetz' fixed point formula computes the supertrace of h on the sheaf cohomology as an integral over the fixed point submanifold Ă M h :
On the other hand, V can be considered as an orbibundle over the quotient orbifold M :" Ă M{G, and the holomorphic Euler characteristic χpM; V q of the orbibundle can be found as the average over G:
The last sum coincides with the right hand side of Kawasaki's RR formula on M " Ă M{G since in the global quotient case
In fact, we need a combination of Kawasaki's RR with Lefschetz' fixed point formula, computing str h H˚pM; V q where h is a finite order automorphism of an orbibundle V over an orbifold M:
where the "fixed point inertia orbifold" IM h can be described as follows. Let x P M be a fixed point of h, and U x Ñ U x {Γpxq Ă M be its orbifold chart. The transformation h can be lifted to automorphisms r h of the chart (and of the bundle V over the chart) in |Γpxq| possible ways. Each transformation r h has a fixed point submanifold U A justification of Lefschetz-Kawasaki's RR formula can be obtained formally from Kawasaki's RR formula applied to the orbifold M{G where G is the cyclic group generated by h. Indeed, let C λ denotes the 1-dimensional representation of G where h acts by a root of unity λ. Then
The last sum can be computed on the inertia orbifold IpM{Gq using Kawasaki's RR. However ř λ λ C λ´1 is a virtual representation of G whose character equals |G| on h and equals 0 on all other elements of G. Therefore only the strata of IpM{Gq made of fixed points of r h will contribute. Note that the factor |G| from the character is compensated by the factor 1{|G| arising from the comparison between the fundamental classes of strata in IM h with those in IpM{Gq.
In applications to quantum K-theory, the orbifold M is replaced with moduli space X g,n,d of stable maps to X, which are virtual orbifolds, or with products of such spaces (since the curves are allowed to be disconnected). An automorphism h of such a product is induced by a renumbering of the marked points on the curve. A fixed point of h is represented by a stable map φ : Σ Ñ X for which there exists a symmetry accomplishing the required permutation h, i.e. there exists an isomorphism r h : Σ Ñ Σ which permutes the marked points by h, and such that φ r h " φ. It is the result of [13] which justifies the application of Kawasaki's RR to virtual orbifolds. 4 Respectively, our generating function D X (which incorporates contributions of all stable maps and 4 The set-up of the virtual Kawasaki RR is axiomatic, but it eventually employs Kawasaki's RR theorem for (ambient) compact orbifolds. For moduli spaces of stable maps, the existence of such ambient orbifolds is easily obtained in genus 0 by projective embedding of X (since M 0,n pCP n , dq are orbifolds). In higher genus, the existence of such compact ambient orbifolds is a result of A. Kresch [10] . Of course, one expects Kawasaki's RR formula to remain true for compactly supported orbisheaves on non-compact orbifolds (which would settle this technical issue in a more natural way). For compactly suppotred sheaves on manifolds, this was proved in [12] some quarter of a century later than Hirzebruch's celebrated result for compact manifolds. The orbifold story develops slower, and almost 40 years after Kawasaki's result [9] , its vision for compactly supported orbisheaves seems still missing in the literature. The most promising approximations we could find were [6] and [5] .
all renumberings of the markings) can be described in terms of suitable fake holomorphic Euler characteristics on the strata of the inertia orbifold IM h . We will call them Kawasaki strata. They parameterize stable maps with prescribed symmetries, i.e. equivalence classes of pairs pφ, r hq, where φ is a stable map of a (possibly disconnected) curve to X, and r h is a symmetry of the map, accomplishing a (possibly non-trivial) permutation of the marked points. How does a Kawasaki stratum look like? Given a stable map φ : Σ Ñ X with a symmetry h (note that now on we omit the tilde), it defines the map of the quotient p Σ of the curve Σ by the cyclic group generated by h. On Figure 1 , we attempt to show a typical picture of a (connected) quotient curve. The quotient map Σ Ñ p Σ may have different number of branches (shown as the multiplicity of lines) over different irreducible components of p Σ. This shows that the summation over Kawasaki strata will have the structure of Wick's formula of summation over graphs. The vertices of the graphs represent contribution of Kawasaki strata parameterizing irreducible quotient maps, while the edges correspond to the nodes connecting the irreducible components.
Furthermore, an M-fold quotient map Σ Ñ p Σ over an irreducible curve p Σ can be described as the principal Z M -bundle over the complement to marked and nodal points, possibly ramified at such points. Consequently, Kawasaki strata representing the vertices can be identified with moduli spaces of stable maps to the orbifold target spaces X{Z M (" XˆBZ M in the notation of [8] , i.e. assuming that Z M acts trivially on X).
We will denote by D f ake X{Z M the total descendant potential of the fake quantum K-theory of the orbifold X{Z M . Using the results [16] , one can obtain the K-theoretic counterpart to the theorem of Jarvis-Kimura [8] and express D f ake X{Z M in terms of D f ake X , the total descendant potential of quantum K-theory of X. The latter can be, in its turn, expressed in terms of the cohomological total GW-potential D H X , using the quantum Hirzebruch-Riemann-Roch formula [3, 4] for fake GW-invariants with values in complex cobordisms, specialized to the case of complex Ktheory. However, the vertex contributions in our Wick's formula are not D f ake X{Z M , but some twisted fake K-theoretic GW-invariants of these orbifolds. This means that the virtual fundamental classes of moduli spaces of stable maps to X{Z M need to be systematically modifiedin fact by the factors accounting for the denominators in the Kawasaki-RR formula. The total descendant potential D tw X{Z M for suitably twisted fake quantum K-theory of X{Z M can be expressed in terms of D f ake X{Z M using the results of Tseng [17] and Tonita [14] .
In the next two sections, we first explain (or recall) how to pass from D . Then the vertex contributions of our graph summation formula will be described, roughly speaking, as the product 2, 3 , . . . , leading to the concise quantum-mechanical description of D X given in Introduction.
Symplectic loop spaces and quantization
The formalism of symplectic loop spaces and their quantizations starts with the datum: a vector space H (or a module over a ground ring Λ), a symmetric Λ-valued Poincaré pairing p¨,¨q on H, and a nonzero vector v P H. Using this datum, one cooks up a loop space H, equipped with a symplectic Λ-valued form Ω, a Lagrangian polarization H :" H`' H´, and a vector v P H`called the dilaton shift.
Given a sequence of functions F g : H`Ñ Λ, one combines them into the total descendant potential D :" e ř g´1 F g , and interprets the latter as an "asymptotical element" in the Fock space associated with pH, Ωq by lifting from H`to H the dilaton-shifted function t Þ Ñ Dpt´vq from H`so that it stays constant along the Lagrangian subspaces parallel to H´. According to the ideology of quantum mechanics, the Heisenberg Lie algebra of the symplectic space acts irreducibly in the Fock space (of functions constant in the direction of H´), which by Schur's lemma, projectively identifies Fock spaces defined using different polarizations.
Furthermore, the symplectic group moves the polarizations around, which therefore defines a projective action of the Lie algebra of quadratic hamiltonians on the Fock space. Explicit formulas for this action provide the standard quantization of quadratic hamiltonians. Namely, let t q α u be coordinates on H`, and tp α u the Darboux-dual coordinates on H´. Then the quantization p of Darboux monomials is given by the multiplication and differentiation operators on functions of tq α u:
Finally, given a linear symplectic transformation l on pH, Ωq, the Stone -von Neumann quantization of it acts on the Fock space by the operator p l :" e { log l . A typical application of this formalism in GW-theory relates generating functions for two kinds of GW-invariants as follows. The functions D i , i " 1, 2, are lifted to asymptotical elements xD i y of the respective Fock spaces associated with symplectic loop spaces pH i , Ω i q using Lagrangian polarizations H ȋ and dilaton shifts v i . The respective quantum states are related by
where l is a suitable symplectic automorphism of pH 2 , Ω 2 q, while the "quantum Chern character" qch :
, and hence identifies the respective Fock spaces. Note that the isomorphism qch may not respect the polarizations (in practice, qch respects H ì , but not H í ), nor the dilaton shifts (qch v 1 ‰ v 2 ). Consequently, the generating functions D 1 and D 2 are obtained from each other by three consecutive transformations: the quantized operator l, the change of polarization, and the correction for the discrepancy in the dilaton shifts.
To begin with cohomological GW-invariants of X, we set
take H to be the space Hppzqq of Laurent series in one indeterminate z with vector coefficients from H. We assume that the ground ring Λ contains Novikov's variables, Q, and the Laurent series are Q-adically convergent for z ‰ 0, i.e. that modulo any fixed power of pQq, the series in question contain finitely many negative powers of z. We equip H with the symplectic form Ω H pf, gq :" Res z"0 pfp´zq, gpzqq H dz, and Lagrangian polarization H " H`' H´, where H`consists of the power series part of the Laurent series, and H´of their principal parts.
Recall that genus-g generating functions for GW-invariants of X are defined by
In the fake quantum K-theory of X, one puts
uses K f ake " Kppq´1qq, i.e. the space of Q-adically convergent Laurent series in q´1 with vector coefficients in K, and equips it with the symplectic form Ω f ake pf, gq :" Res q"1 pfpq´1q, gpd,
and Lagrangian polarization K " K`' K´, taking K`to consist of power series, and K´of the principal parts of Laurent series in q´1.
The genus-g generating functions F f ake g are defined on K`by
where tφ α u form a basis in K 0 pXq, and the fake holomorphic Euler characteristic of a bundle V on X g,n,d is defined using the virtual fundamental cycle rX g,n,d s and the virtual tangent bundle bundle T X g,n,d :
The total descendant potential of fake quantum K-theory is defined by D f ake X " e ř g´1 F f ake g ptq as a function on K`subject to the dilaton shift by v " p1´qq1, i.e. xD f ake X ypp1´qq1`tq " D f ake X ptq. It is expressed in terms of D H X following [3, 4] . Namely, introduce the quantum Chern character qch : K Ñ H by
It is symplectic: qch˚Ω H " Ω f ake . Then xD f ake X y " y qch˚p △ xD H X y, where △ is the Euler-Maclaurin asymptotics of the infinite product ś 8 r"1 tdppT X´1 q b q´rq. The equality holds up to a scalar factor explicitly described in [3] . Recall that the Euler-Maclaurin asymptotics of the product a SpEq ś 8 r"1 SpE b q´rq, where E is a vector bundle over X, q is the universal line bundle (so that c 1 pqq " z), and Sp¨q " 
where each t χ is a power series in q´1 with coefficients in K 0 pXq b Λ. In down-to-earth terms we have:
This follows from the analogous cohomological result of Jarvis-Kimura [8] by application of twisting theorems of Tseng [17] and Tonita [14] (combined with a description of the virtual tangent bundles to the moduli spaces of stable maps to X{Z M ). Alternatively, this result can be extracted from section 3 of their joint paper [16] .
To go on, we need to describe the element of the Fock space defined by D f ake X{Z M , and the respective symplectic loop space. We have
Respectively the loop space
is equipped with the symplectic form
The Lagrangian polarization is given by K f akȇ b ReprpZ M q, and the dilaton shift by v " p1´qqv.
The specifics of the orbifold situation, however, is that the evaluation maps involved in the construction of the invariants take values in the inertia orbifold IX, in the case of the orbifold X{Z M consisting of M disjoint copies of X, which are labeled not by representations of Z M , but by its elements h P Z M (referred to as sectors). In sector notation
where (by Fourier transform)
Consequently,
the symplectic form decomposes as
the polarization spaces have the form
h´1, while the dilaton shift v " p1´qq1 belongs to the sector of the unit element 1 P Z M .
We will label the sectors by Mth roots of unity ζ (primitive or not) as follows. To the element h " h rs 0 , where h 0 is the standard generator of Z M , M " rm, and ps, mq " 1, we assign ζphq to be the primitive root of unity of order m such that ζ s " e 2πi{m . Conversely, to ζ " e 2πit{m , where m|M, and pt, mq " 1, we assign h pζq P Z M to be h rs 0 , where r " M{m, and s is the multiplicative inverse to t modulo m.
Formulation of the results
We describe D 
Here Eu is the K-theoretic Euler class defined by Eu L " p1´L´1q " e´ř ką0 L´k{k on line bundles, and extended to arbitrary complex vector bundles by multiplicativity using the splitting principle. The pairing satisfies pΨ r a, Ψ r bq prq " rΨ r pa, bq, which is simply the abstract Grothendieck-RR formula (called also Adams-RR) for the operation Ψ r from K-theory to itself, while the factor r comes from EupΨ r 1q Eup1q " lim
Introduce the symplectic form on K tw pM q :
Res q"1 pf pζq pq´1q, g pζ´1q pprpζqq d.
To describe the polarization in K tw pM q , introduce basis in K pζq :
where m " mpζq, r " rpζq, φ α runs a basis in K 0 pXq Poincaré-dual to φ α , and k run non-negative integers. Then f 
We will also assume that a quantum state does not change when the function is multiplied by a non-zero constant (so that xDy actually denotes the 1-dimensional subspace spanned by D.) We claim that l pM q is symplectic, i.e.
This follows from the identity
Note that l pM q respects positive spaces of our polarizations in its source and target loop spaces, but does not respect the negative ones, nor the dilaton shifts.
Let us now recall the dilaton equation, which says that in the expression D H X " e ř g g´1 Fg , after the dilaton shift, the functions F g are homogeneous of degree 2´2g (with some anomaly for g " 1). Namely, y, the homogeneity property is preserved, because our quantization formulas (from SEction 3) for quadratic Darboux monomials are homogeneous of zero degree. This allows one to recast the dependence of (omitting the scalar factors such as eupXq{48 ) this way:
Note that t can be rewritten by sectors as ř ζ: ζ M "1 t pζq h pζq , where each
. Now, for each primitive mth root of unity ζ, introduce a sequence of variables t pζq r P K f akè , where r " 1, 2, 3, . . . , and define the adelic tensor product xD X y ptt pζq r u, , Qq :"
where for ζ of primitive order m|M, we put rpζq " M{m.
Proposition 2. The contribution to Wick's formula for xD X y of the one-vertex graph (i.e. by the moduli spaces of connected quotient curves p Σ in the notation of Section 2) is given by the logarithm logxD X y of adelic tensor product.
The technical point in this proposition is that the dependence of the formula on and Q correctly accounts for the Euler characteristics and degrees of the covering curves Σ Ñ p Σ. As we have already explained in Introduction, the adelic tensor product belongs to the Fock space associated with the symplectic loop space pK 8 , Ω 8 q, which is obtained by rearranging sectors in the direct sum of the spaces pK tw pM q , Ω tw pM. This direct sum comes with a Lagrangian polarization inherited from those of the summands. Let us call this polarization standard.
Recall now that adelic map : pK 8 , Ω 8 q Ñ pK 8 , Ω 8 q, defined in Introduction, is symplectic but does not respect polarizations. More precisely, the adelic image of K 8 is a proper subspace in the positive space K 8 of the standard polarization, while the adelic image of K 8 is Lagrangian in K 8 , but does not coincide with the negative space of the standard polarization. Let us call uniform the polarization of the adelic loop space formed by the positive space of the standard polarization and by the adelic image of K 8 .
Proposition 3. The change from the standard to the uniform polarization accounts for the edges (propagators) of Wick's summation over graphs.
Sections 5-9 will be dedicated to the proof of Propositions 1-3. Also, in Section 7 we will see that the adelic embedding : K 8 Ă K 8 of the positive spaces of our polarizations correctly transforms the inputs t r of xD X y into the inputs of the adelic tensor product (they occur in the numerators of the fake holomorphic Euler characteristics in Kawasaki's RR formula). Altogether these results imply our Main Theorem:
The adelic map transforms the quantum state xD X y into xD X y.
Kawasaki strata
We begin here with a detailed description of Kawasaki strata of moduli spaces of stable maps to X in terms moduli spaces of stable maps to orbifolds X{Z M .
Let φ : Σ Ñ X be a stable map of a compact nodal curve (not necessarily connected) with n non-singular marked points, and let h : Σ Ñ Σ be a symmetry of this stable map (i.e. φ˝h " φ) which is allowed to permute the marked points. Due to the stability condition, the symmetry has finite order, and therefore induces the quotient map p φ : p Σ Ñ X of the quotient curve p Σ :" Σ{phq. Our nearest goal is to represent the combinatorial structure of the quotient map by a certain decorated graph Γ.
Let p : Σ Ñ p Σ denote the projection of factorization. The edges of Γ correspond to unbalanced nodes of p Σ. For a node p σ P p Σ, denote by r " rpp σq the cardinality of its inverse image p´1pp σq in Σ. The inverse image is an orbit of the action of phq on Σ, and each point σ in it is a node of Σ fixed by h r . Moreover, h r preserves each of the two branches of Σ at σ, and acts on the tangent lines to these branches at σ by eigenvalues ζ˘. The node is unbalanced if ζ`ζ´‰ 1.
Normalizing the quotient curve p Σ at all unbalanced nodes, we obtain a collection of connected curves p Σ v which by definition correspond to vertices v of graph Γ, and the maps p φ v : p Σ v Ñ X, obtained by the restrictions of p φ. Moreover, each vertex comes with the ramified phq-
More precisely, let M " M v be the order of h on Σ v . Then outside the ramification locus, p : Σ v Ñ p Σ v is a principal Z M -bundle. This allows one to identify p φ v with a stable map in the sense of [1, 2, 8] to the orbifold target space X{Z M , the quotient of X by the trivial action of the cyclic group phq{ph M q. The moduli space of stable maps to X{Z M is characterized by certain discrete invariants, which we now describe in terms of p φ v . First, it is the arithmetical genus p g v of p Σ v . Next, it is the degree p d v , i.e. the homology class in H 2 pX; Zq represented by the map p φ v . Furthermore, the vertex carries marked points, which represent in p Σ v the orbits of marked points in Σ v , ramification points which are not marked in Σ v , and (the remnants in p Σ v of) the unbalanced nodes. At each such marked point p σ P p Σ v , the order r " rpp σq of the inverse image of p σ in Σ v is defined, as well as the eigenvalue ζ " ζpp σq by which the symmetry h r of Σ v acts on the tangent line at any σ P p´1p σ. Note that ζ is a primitive mth root of unity for some m " M v {r. Therefore for some s (unique mod m), we have ζ s " e 2πi{m . This determines the sector of the marked point, i.e. the element, h rs , of the cyclic group Z Mv which acts on T σ Σ v by the generator e 2πi{m of the isotropy group of p σ in the orbifold curve p Σ. Thus, the Kawasaki stratum in question is characterized by the graph Γ whose vertices correspond to moduli spaces of genus p g v degree p d v stable maps to X{Z Mv with certain numbers p n v of marked points. The marked points (which are usually depicted as flags sticking out of the vertices) are decorated by the sectors (or, equivalently, primitive mth roots of unity ζ with m|M v ), while the edges pair the unbalanced flags (ζ`ζ´‰ 1) of the same order: r`" M v`{ m`" M v´{ m´" r´.
Conversely, given such a decorated graph Γ, one can form the corresponding Kawasaki stratum by gluing stable maps to X{Z Mv corresponding to the vertices of Γ over the diagonal constraints (ev`" ev´) corresponding to the edges. More precisely, each stable map to X{Z Mv comes equipped with a principle Z Mv -bundle, possibly ramified at the markings. The generators of the groups Z Mv define a symmetry h of the total map to X from the union of the covers. Since the glued marked points have the same order r, the covers can be glued h-equivariantly, resulting in stable maps to X (possibly disconnected), equipped with prescribed symmetries h (of order equal to the least common multiple of all M v ).
By applying this construction to all (possibly disconnected) decorated graphs Γ, one obtains all Kawasaki strata of all moduli spaces of (possibly disconnected) stable maps to X.
Remarks. (a) When a node p
σ of the curve p Σ is balanced, i.e. h r fixes a node σ P p´1pp σq but acts on the branches of Σ at the node by inverse primitive mth roots of unity (ζ`ζ´" 1), the stable map is deformable, at least in the virtual sense, to a non-nodal curve within the same Kawasaki stratum. The local model of h r near σ is given by
where ǫ " 0 corresponds to the nodal curve. The requirement above that the nodes corresponding to the edges of the graph are unbalanced prevents such deformations and guarantees that the stratum of symmetric maps glued according to a given graph is maximal (e.g. in the sense that 1 does not occur as an eigenvalue of the symmetry on the virtual normal bundle to the stratum).
(b) One more type of deformable nodes of Σ occurs when h r fixes a node σ but interchanges the branches of Σ. The local model of this xy " ǫ, h r px, yq " py, xq, φpx, yq " x`y, so that at ǫ " 0, the quotient curve doesn't seem to have a node. Here is how this situation is captured in terms of orbifold stable maps. For ǫ ‰ 0, the map φ " x`y restricted to xy " ǫ has two ramification points: px, yq "˘p ? ǫ, ? ǫq. Thus, the quotient curve has two marked points˘2 ? ǫ with inertia groups Z 2 . When ǫ tends to 0, the quotient curve becomes reducible, with a new component CP 1 mapped with degree 0, and carrying both marked points with the inertia group Z 2 (as well as the node with the trivial isotropy group, see Figure 2 ). The covering curve has now 3 components: two branches interchanged by the symmetry and connected by CP 1 , which carries two marked points (say, at z " 0, 8), and two nodes (at z "˘1). The symmetry acts on this component by z Þ Ñ´z, so that the quotient has the node at z 2 " 1, and two marked points z 2 " 0, 8. Thus, the quotient map, properly understood in terms of stable maps to X{Z 2 , has a balanced node of order r " 2 with the eigenvalues ζ˘" 1.
Twistings
The denominators str h^‚ NI M in Kawasaki's RR formula can be interpreted as certain twistings of the fake quantum K-theory of X{Z M , in fact a combination of several types of twistings, corresponding to different ingredients of the virtual conormal bundles.
Let M denote a Kawasaki stratum, i.e. (a component of) a moduli space pX{Z M q p g,p n, p d . Let ft : C Ñ M be the corresponding universal curve, and ev : C Ñ X{Z M the universal stable map, while r ft : r C Ñ M and r ev : r C Ñ X denote Z M -equivariant lifts of ft and ev to the family of ramified Z M -covers.
The Kawasaki stratum M carries (the restriction to M of) the virtual tangent bundle (let's call it T ) to the ambient moduli space of stable maps to X (say, X g,n,d ). Following [3] (see p. 99), we describe it in terms of the universal curve ft : C Ñ M:
Here r L is the universal cotangent line bundle to the fibers of r ft (i.e. the cotangent line bundle L n`1 at the marked point forgotten by r ft : C Ă X g,n`1,d Ñ X g,n,d ), and r j is the embedding of the nodal locus r Z into r C. Loosely speaking, the three summands correspond to: (A) deformations of the maps of curves with a fixed complex structure, (B) deformations of the complex structure of curves with fixed combinatorics, and (C) the smoothing of the nodes.
The summands carry the action of Z M , and can be decomposed into the eigenbundles corresponding to the eigenvalues λ " e 2πik{M of the generator. The normal bundle N IM , featuring in the denominator of Kawasaki's RR formula, consists of the eigenbundles corresponding to λ ‰ 1.
To decompose T into the eigenbundles, introduce the 1-dimensional representation C λ of Z M where the generator acts by λ. Then the eigenbundles have the form
where j is the embedding of Z " r Z{Z M into C. The terms on the right are interpreted as K-theoretic push-forwards by ft : C Ñ M of orbibundles on the global quotient C " r C{Z M . By the very definition, such push-forward automatically extracts from the sheaf cohomology its Z M -invariant part. Now we use the three twisting results of [14] to express the effect of the denominator in Kawasaki's RR formula in terms of twisted GWinvariants of orbifolds X{Z M .
The answer consists in the application of three operations:
by some quantized symplectic operator (to be describe and calculated later) acting block-diagonally by l ph s q M in the decomposition into sectors h s P Z M of the appropriate symplectic loop spaces.
(B) Change in the dilaton shift: p1´qq1 Þ Ñ p1´q M q1 " Ψ M p1´qq1. (C) Change of polarization, different on each sector (to be described later).
In fact the three twisting theorems of [14] are stated in terms of cohomological GW-invariants of the orbifold target (X{Z M in our case). In order to relate the fake K-theory of M in Kawasaki's formula with cohomology theory, one needs to apply the three twistings with the same bundles as above, but with λ " 1, and the Todd characteristic class, tdpxq " x{p1´e´xq. This results in the respective three operations described in the previous section and transforming D (A) The first twisting result goes back to Tseng's "orbifold quantum RR Theorem" [17] . It allows us to expresses cohomological GWinvariants of X{Z M twisted by the orbibundle E " pT X´1 q b C λ and by the multiplicative characteristic class td λ defined by its value 1{p1´λe´xq on a line bundle with the 1st Chern class x. Namely,
where △ e 2πik{M is the operator K
which on the copy of K f ake X corresponding to the sector h s P Z M acts as the multiplication by the Euler-Maclaurin asymptotics of the following infinite product:
Here x i are Chern roots of T X , and tks{Mu denotes the fractional part of ks{M.
We rearrange the product ś M´1 k"1 △ e 2πik{M . Let r " ps, Mq be the greatest common divisor of s and M, so that s " rs 1 , M " rm, ps 1 , mq " 1, and ks{M " ks 1 {m. Let t 1 be inverse to s 1 modulo m.
u with 0 ď k 1 ă m. Then tks 1 {mu " k 1 {m for any u. Since ś r u"1 p1´Y e 2πiu{r q " 1´Y r for any Y , we have
Here η :" e 2πit 1 {m satisfies η s 1 " e 2πi{m , i.e. η is the eigenvalue by which the symmetry h r acts on the tangent lines to the curves at the marked point of order r and sector h s " h s 1 r . Also note that the EulerMaclaurin asymptotics of the infinite product near q " 1 is written as
Using this, and the abbreviation ř j e´k x j´1 " chpΨ k pTX´1qq, we can summarize the above computation this way:
The answer for l ph s q M coincides with what was denoted by l η,r in Section 4, where η is a primitive mth root of unity, M " mr, s " rs 1 , and η s 1 " e 2pii{m .
(B) The effect of the twisting by r ft˚"p1´r L´1q b r ev˚C λ ı is described by Corollary 6.1 in [14] . That paper, instead of the bundle r L on the covering universal curve r C, deals with the universal cotangent line bundle L " L n`1 on C " r C{Z M . To apply the result of that paper, it is important to realize that r L " p˚L where p : r C Ñ C is the projection of factorization. Indeed, r L is the canonical bundle of the covering curve twisted by the marked points. In local coordinates, it has a local section x´1dx near a marked point x " 0, and dx^dy{dpxyq on the curves xy " ǫ near a node. The formulas dx identify p˚L with r L near a ramified m-fold marked point and a balanced m-fold node respectively. The answer, as we've already said, is the change of the dilaton shift: p1´qq1 Þ Ñ Ψ M p1´qq1 " p1´q M q1. Remark. The result does not depend on the character λ of Z M . To understand why, the reader is invited to examine the details of the proof in [14] , namely formula (4.2). The explanation is that the bundle L is trivialized at the marked points and at the nodes (as the above local coordinate sections indicate). Consequently, Kawasaki's Chern character of 1´L´1 vanishes on all twisted sectors of the inertia orbifold IΣ of the orbi-curve Σ. On the unit sector, however, all C λ coincide.
(C) To describe the change of polarization caused by the twistings of type C, consider the expression p1´L 1{m b L 1{ḿ q´1. It comes from the inverse to the K-theoretic Euler class 1´L 1{m L 1{ḿ of the virtual normal line bundle to the nodal stratum in M at the nodes of order r " M{m, assuming that L˘represent the universal cotangent lines to the branches of quotient curve at the node. We expand the expression in powers of
Let tφ α u and tφ α u denote bases in K 0 pXq dual with respect to the Ktheoretic Poincaré pairing. In the subspace K f akè
(here h´s indicates the sector, and r " ps, Mq is assumed), we have a topological basis in K f akè
Then the following rational functions 
The result just described can be derived from a general theorem in [14] (see Corollary 6.3 therein). It can be justified in a more direct way as well. Namely, in the non-orbifold situation, the effect of the nodal twisting leads, as it was found in the thesis [3] of T. Coates, to the change of polarization based (as it has just been described) on the "inverse Euler class" p1´L`b L´q´1. In our situation of the target X{Z M , the smoothing of the nodes of order r " 1 contributes into the virtual tangent bundle to Kawasaki's stratum M the same
, as into the virtual tangent bundle T to the ambient moduli space of stable maps to X. This means that Coates' computation still applies, with the only change that the "inverse Euler class" has the form p1´L
In the case of nodes of order r ą 1, the covering curves contain the Z M -orbit consisting of r copies Z m -invariant nodes (mr " M), each contributing into T a copy of L´1
due to the following fact that Ψ r pV q " tr h V br , where h acts on the tensor product by the cyclic permutation of the r factors.
This completes the proof of Proposition 1.
Remark. We should revisit the phenomenon of Z 2 -invariant nodes with interchanged branches to examine their contribution to the type C twistings. The cotangent line bundles L˘to the branches at the node are identified by the Z 2 -symmetry: L`" L´": L. Respectively the smoothing of the node contributes L´1 L´1 " L´2 to the tangent bundle T , and the corresponding Euler factor in the denominator of Kawasaki's formula is 1´L
2 . It turns out that the interpretation of the situation in terms of maps to X{Z 2 leads to the same contribution of the nodal locus. The line bundles L˘are now identified with the cotangent lines to the interchanged branches at the two nodes˘1 of the resolved curve (top right on Figure 2 ). Since the configuration of 0, 8, 1,´1 on the exceptional CP 1 (vertical line at the top right) is standard, the tangent lines to this CP 1 at˘1 are trivialized. Consequently the smoothing deformation modes of the curve add up to L´1 ' L´1 with the Z 2 -action interchanging the summands. Therefore the Euler factors representing the Z 2 -invariant and anti-invariant modes in the denominator of Kawasaki's formula are 1´L and 1`L, and their product is 1´L 2 , i.e. the same as above.
Inputs
We denote by t r pqq " ř kPZ t r,k q k the inputs in the total descendant potential D X of quantum K-theory on X, corresponding to the cycles of length r " 1, 2, 3, . . . , and examine how they contribute to the numerators in Kawasaki's RR formula on the stratum M (still assuming that the decorated graph of the stratum consists of one vertex).
The numerators have the form of the trace tr h of the tensor product of contributions which come from the marked points.
Let M be the degree of the covers associated with a given vertex. Let L " L i denote the universal cotangent line at a marked point on the quotient curve p Σ " Σ{Z M , r " r i the order of the marked point, m " M{r the ramification index (of the r copies in Σ) of this marked point, and ζ the primitive mth root of unity by which the symmetry h r acts on the tangent line to Σ at each of the r copies of the marked point. Omitting the index i and the pull-back by the evaluation map ev i , we can express the resulting input of D tw X{Z M in the sector determined by ζ this way:
Note the presence of the weight factors 1{ ś r l i i in front of the supertraces str h in the definition of the correlators involved in D X . In the expression of the correlators in terms of Kawasaki strata, these factors are compensated in the following way. Given a stable map p Σ Ñ X{Z M , a marked point p σ P p Σ with the ramification index m " M{r represents stable maps Σ Ñ X with a prescribed symmetry, which in particular cyclically permutes r marked points σ 1 , . . . , σ r over p σ. Even when the indices of the r marked points are already decided (e.g. 1 goes to 2 etc. goes to r goes to 1), there still remain r choices for deciding which of the marked points σ i P Σ is numbered by 1. Thus totally for each map p Σ Ñ X{Z M in the Kawasaki stratum there are ś r l i i symmetric maps Σ Ñ X, and this compensates the weight factor.
It is now time to realize that not all marked points of p Σ come from marked points of φ : Σ Ñ X. Namely, in the theory of stable maps to X{Z M , all ramification points are declared marked, even if they are unmarked for the covering stable map to X. Consequently, the virtual cotangent bundle T˚which was analyzed in the previous section, and whose Euler class occurs in the denominator of Kawasaki's formula, is in fact the cotangent bundle to the ambient moduli space of stable maps to X with extra marked points introduced at the ramifications. To compensate for these modes of deformation of stable maps, we thus need to multiply the numerator by the appropriate Euler class. Namely, if our marked point is such a ramification point, the correction has the form (one factor 1´ζ´1L 1{m per each of the r copies of the ramification points):
1{m q " 1´ζ´1L r{m .
Propagators
Recall that the edges of decorated graphs Γ correspond to unbalanced nodes of the quotient curves p Σ. Such a node of order r represents rtuples of nodes of the covering curve Σ cyclically permuted by the symmetry h. On the two branches of the curve Σ at such a node, h r acts with the eigenvalues η˘, which are primitive roots of unity of certain orders m˘. The node is unbalanced if η`η´‰ 1 (regardless of whether m˘coincide or not). The effect of the unbalanced node on the contribution of the stratum M (determined by Γ) to Kawasaki's RR formula can be described as follows.
Let L˘denote the cotangent lines to the two branches of the quotient curve p Σ at the node, so that L 1{m˘d enote such cotangent lines to the covering curves. The following expression
an be considered as an element of KrrL r{m`´1 ss b KrrL r{m´´1 ss, where K " K 0 pXq b Λ, and tφ α u and tφ α u are Poincaré-dual bases in K 0 pXq. In this capacity, Ψ r ∇ η`,η´a ct as biderivations in the variables ∇ η`,η´¸ff xD X y.
The summation sign ' is to emphasize that the operator is blockdiagonal, namely the sums with different values of r act on different groups of variables, t r . The justification of this description is quite standard. The ingredient ř α φ α b φ α is responsible for the "ungluing" of the diagonal constraint △ Ă XˆX at the node. The denominator 1´η´1 L 1{m`b η´1 L 1{mŕ epresents the trace str (from the denominator of the Kawasaki-RR formula) of the smoothing deformation of the curve at the node, which is normal to the Kawasaki stratum of stable maps with the prescribed symmetry h. The Adams operation Ψ r occurs at the nodes of order r due to the general fact: tr h pV br q " Ψ r pV q, assuming that h acts on the tensor product by the cyclic permutation of the r factors. The factor r accounts for the number of Z r -equivariant ways of gluing the components of the covering curve Σ over a node of order r on the quotient curve p Σ. The factors r comes from the item (iv) in our strategy of the previous section to account for the change of the Euler characteristic of the covering curves Σ under gluing at the r nodes. The factor 1{2 is due to the symmetry between η`and η´.
Our goal is to show that the application of the operator e À rą0 rΨ r ř η`η´‰1 ∇ η`,η´{ 2 to a function on K`, considered as a quantum state in the standard polarization on the adelic loop space pK 8 , Ω 8 q, is equivalent to representing the same quantum state in the uniform polarization.
In traditional Darboux coordinate notation p " tp α u, q " tq α u a second order differential operator ∇{2 " p {2q ř αβ s αβ B qα B q β quantizes the quadratic hamiltonian pp, Spq{2. The time-one map generated by the corresponding hamiltonian system 9 q " Sp, 9 p " 0 transforms the negative polarization space q " 0 into q " Sp. According to Stone-von Neumann' theorem, the operator exp ∇{2 intertwines the representations of the Heisenberg Lie algebra in the Fock spaces corresponding to these polarizations. Thus, we need to compute the operator S in our situation, and check that the space q " Sp is the adelic image of K 8 . In invariant terms, the operator S : K´Ñ K`is computed by contracting the symmetric tensor S P K`b K`using the symplectic pairing K´b K`Ñ Λ.
Since our operator is block-diagonal, let us first do the computation for the block r " 1. Here we have the adelic space K " ' ζ K pζq , where each sector K pζq is isomorphic to K f ake " Kppq´1qq. It is equipped with the symplectic form Ωpf, gq :" ÿ ζ 1 mpζq
Res q"1 pf pζq pq´1q, g pζ´1q pd.
The spaces K`and K´of the standard polarization are spanned respectively by (the superscript indicates the only non-zero component):
which form a Darboux basis as k,α and ζ run their ranges. Namely Ωpf pζq k,α , g pζ´1q k,α q "´1, and " 0 in all the cases when the indices mismatch.
As it was discussed earlier,
1´η´1x 1{m b ζ´1y 1{n P Krrx 1{m´1 ss b Krry 1{n´1 ss defines a biderivation on the space of functions on K pηq ' K pζq . Here η and ζ are primitive roots of unity of orders m and n respectively with ηζ ‰ 1 (and we write x, y instead of L˘used earlier). Equivalently, ∇ η,ζ can be considered as a bilinear form on K In explicit form, the linear map ∇ Take f " φ α q k{n {p1´q 1{n q k`1 , and put x " y 1{n . Then The last expression is interpreted as an element of K pηq by expanding it as a power series in q 1{m´1 . Note that when η runs all roots of unity, k runs all non-negative integers, and φ α runs a basis of K 0 pXq, the vector monomials f " f α,k,ζ :" φ α pζ´1qq k {p1´ζ´1qq k`1 run a basis in K´. The adelic map is defined so that
where n and m are the orders of ζ and η ‰ ζ´1, and the expressions have to be expanded into Laurent series near q " 1. The above computation shows that f pηq ' f pζ´1q P K pηq ' K and altogether form a basis in the direct sum of the graphs over ζ. 5 The negative sign comes from Ωpf pζq k,α , g pζ´1q k,α q "´1.
